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Abstract. Let V be the direct sum of r copies of the adjoint representation of the simple Lie 
group G. We assume that r > 2 and that r > 3 if G has rank 1. In [Schl2] we showed that 
any algebraic automorphism of the quotient Z := V//G lifts to a mapping V ^ V which 
, sends the fiber over z € Z to the fiber over (p{z). (Most cases were already handled in Kuttler 

PsJ ' [Kutll].) Left open was the question of whether or not one can choose $ to have some kind of 

, equivariance property or whether one can choose $ to be an automorphism of V . We show that 

' any holomorphic automorphism if of Z lifts to a holomorphic automorphism $ of y such that 

^{q''^) = '^i9)^(s') for every v G V and g £ G where a is an automorphism of G. The key to 
' the proof is showing that every algebraic differential operator on Z is induced by an invariant 

algebraic differential operator on V. 
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1. Introduction 



H 

' Our base field is C, the field of complex numbers. Let G be a complex reductive group and V 

a G-module. We denote the algebra of polynomial functions on V by 0{V). For the following, 
we refer to [Kra84], [Lun73] and [VP89]. By Hilbert, the algebra 0{V)'-' is finitely generated, so 
that we have a quotient variety Z := V//G with coordinate ring 0{Z) = OiV)'^. Let ir: V ^ Z 
^ ■ denote the morphism dual to the inclusion 0(y)'~^ C 0(y). Then vr sets up a bijection between 
Q ■ the points of Z and the closed orbits in V. If Gv is a closed orbit, then the isotropy group 
! H = Gy is reductive. The slice representation of H at v is its action on A^^, where A^^, is an 
if -complement to Ty{Gv) in T^iV) ~ V . Let Z(^h) denote the points of Z such that the isotropy 
groups of the corresponding closed orbits are in the conjugacy class {H) of H. The Z(^h) give a 
• finite stratification of Z by locally closed smooth subvarieties. In particular, there is a unique 
open stratum Z(^h), the principal stratum, which we also denote by Zp^. We call H a principal 
isotropy group and any associated closed orbit a principal orbit of G. 
^ ' As shorthand for saying that V has finite principal isotropy groups we say that V has FPIG. 

^ ■ If \^ has FPIG, then there is an open set of closed orbits and a closed orbit is principal if and 
only if the slice representation of its isotropy group is trivial. Set V-p,- := 7r"^(Zpj.). We say that 
V is k-principal if V has FPIG and codim\^ \ Vp,. > k. 

For X an affine variety let Aut(X) denote the automorphisms of X and let Aut-^(X) denote 
the holomorphic automorphisms of X. Let (f G Aut^(Z). We say that a holomorphic map 
$: y — )■ is a lift of (p ii it o ^ = ip o tt. Equivalently, $ maps the fiber 7r~^{z) to the 
fiber 7r~^{(p{z)), z & Z. Let a be an automorphism of G. We say that $ is a-equivariant if 
^{gv) = a{g)(^{v) for allv eV, g e G. 

Our main interest is in the following case. Let V = ©f^i^igj where the are simple Lie 
algebras. Let denote the adjoint group of Qi and let G denote the product of the Gj. We 
assume that > 2 for all i and that > 3 if g^ ^ 3/2- These conditions are necessary and 
sufficient for (V, G) to be 2-principal and for any ip G Aut(Z) to preserve the stratification of Z 
given by the Z(^h) [SchlS, Theorem L2, Proposition 3.1]. 

In [Schl2] we show that V has the following lifting property. 
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Theorem 1.1. Let V be as above. Then any ip G Aut(Z') lifts to V . 

Most cases of the theorem were first estabhshed by Kuttler [Kutll]. This also holds for 
Corollary 1.3 below with ip algebraic. The lift given in the theorem is not necessarily an 
automorphism of V nor is it necessarily a-equivariant for some a. 

The main result of this note is the following. 

Theorem 1.2. Let V be as above. Then for every (f G Aut-^(Z) there is an automorphism a 
of G and a a-equivariant $ G Ant-n{V) which lifts ip. 

Corollary 1.3. Let ip G kx\.t%{Z). Then there is an automorphism a of G such that p sends 
Z(^H) to Z(^rj{H)) for every stratum Zi^h) of Z . 

In §2 we recall two conditions sufficient for elements of Aut-^(Z) to lift to a-equivariant 
elements of Aut-^(y). One of the conditions follows from Theorem 1.1 and the other is that 
one can lift algebraic differential operators on Z to invariant algebraic differential operators on 
V . In §3 we recall sufficient conditions for lifting differential operators and in §4 we show that 

V satisfies these conditions, giving a proof of Theorem 1.2. 

2. Lifting automorphisms 

Let G be reductive and V a G-module. We have a grading of OiZ^ ^ 0(y^'^ induced from 
the grading of 0{y\ hence the scalar C*-action on V induces an action of C* on Z . One sees 
that t ■ tt{v) = Ti{t ■ v) for v ^ V and t G C*. Let Autq£(Z) denote the elements of Aut(Z) whose 
action on 0{Z) preserves the grading. Then Autqe{Z) is a linear algebraic group. We say that 

V has the lifting property if every ip G Autqe{Z) has a lift ^: V ^ V. If $ lifts ip G Autq£(Z), 
then so does $'(0), so that liftable elements of Autq£(Z) admit linear lifts. 

Let V'^CV) (resp. T>^{Z)) denote the algebraic differential operators on V (resp. Z) of order 
at most k (see [Sch95, §3]). Then we have a morphism vr* : V^iV)^ — j- V^{Z) where 7r*(P)(/) = 
P(7r*(/)) for P G V'iVf and / G 0{Z) ^ 0{V)^. 

Definition 2.1. We say that the G-module V is admissible if 

(1) V is 2-principal. 

(2) TT,: V''{V)^ V^{Z) is surjective for all k. 

Strange as it may seem, admissibility has an application to the problem of lifting automor- 
phisms of Z. From [Schl2, Theorems 1.3, 1.4] we have the following. 

Theorem 2.2. Suppose that V is admissible and has the lifting property. Then for every 
ip G Aut-^(Z') there is an automorphism a of G and a a-equivariant $ G Aut^(V) which lifts 
p. 

The proof of the theorem is briefly the following. Let p G Aut^(Z) and deflne ipt{z) = 
t~^ ■ ip{t ■ z) for t G C*, z & Z. Admissibility implies that pt extends to a holomorphic family 
on C with pq G Autq£(Z). We can lift p^ to $o ^ End(y) by assumption. One shows that 
$0 £ GL(y) and that $o normalizes G, hence conjugation by $o gives an automorphism a of G 
and $0 is a-equivariant. Then pQ^pt is an isotopy which is the identity of Z when t = 0. Thus 
Po^Pt is obtained by integrating a holomorphic vector fleld At onCx Z and admissibility shows 
that we can lift At to an invariant holomorphic vector fleld Bt on C x V. Then integrating Bt 
from time to time 1 gives an equivariant holomorphic lift \1/ of p^^p and is a a-equivariant 
automorphism lifting p. 

In the next section we recall sufficient conditions for admissibility. 
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3. Modularity 

We need to recall some notions and results from [Sch94, Sch95]. Let if be a linear algebraic 
group and Y an ii- variety. Let Y(„) or (Y, H)(^n) denote the points of Y with isotropy group of 
dimension n. We define the modularity ofY, mod{Y,H), by 

mod(F, H) = sup(dimy(„) — dimH + n) 

n>0 

where, as usual, the dimension of the empty set is — oo. If Y(„) is irreducible, then dimY(„) — 
dim if + n is the transcendence degree of C(Y(„))^. We have that 

(3.0.1) mod(y, if) = dimF — dim ii + sup(n — codim.Y{n)) . 

n>0 

Now let X be an ii- variety where X(o) 7^ 0. We say that X is k-modular if mod(X\X(o), H) < 
divcvX — dim ii — k. Equivalently, codimX(„) > n + k for all n > 1. Let us assume from 
now on that H is reductive and that X is an affine ii- variety with FPIG. Then X(o) 7^ 
and dimX — dim ii = dimX/jH so that X is /c- modular if and only if mod(X \ X(o),ii) < 
dimX//ii- A;. 

There are geometric interpretations of X being 0-modular. From now on assume that X is 
smooth. Let Ai, . . . , A,, be a basis of the Lie algebra of H . We may consider the Ai as vector 
fields Ai on X, hence as functions /a^ on T*X. Then X is 0-modular if and only if the Ja, 
are a regular sequence in 0{T*X), i.e., their set of common zeroes has codimension r. Another 
interpretation is the following. Let /i: T*X — )■ [^* be the moment mapping which sends ^ G T*X 
to the element of f)* whose value on A e f) is Ai[x){S,)- Then X is 0-modular if and only if all 
the fibers of /i have codimension r [Sch95, Remark 8.6]. 

Remark 3.1. Note that if X is /c- modular for any /c > 0, then mod(X, H) = dimX — dim ii. 

Suppose that X is 2-principal. Then we can find invariant functions hi and /i2 which vanish 
on X\Xpj. and are a regular sequence in 0{X). If X is also 2- modular, then hi, /i2, • • • , fAr 
is a regular sequence in 0{T*X) [Sch95, Lemma 9.7]. Then we can apply [Sch95, Proposition 
8.15]: 

Proposition 3.2. Suppose that there are hi, /i2 as above such that hi, /i2 and the f^, are a 
regular sequence in 0{T*X). Then n^: V''{X)^ — V^{X//H) is surjective for every k >0. 

Corollary 3.3. Suppose that X is 2-principal and 2-modular. Then tt* : V^{X)^ — )■ V^{X//H) 
is surjective for every k > 0. 

In the next section we will show that our V of interest is 2-modular. We will need the following 
result. Recall that a group action is almost effective if the kernel of the action is finite. 

Lemma 3.4. Let H be connected reductive. Let T denote the connected center of H and let 
Hg denote [H,H]. Let W := W © W" be a direct sum of H -modules where T acts trivially 
on W. Assume that the action ofT on W" is almost effective. If {W , Hg) is 0-modular, then 
mod(W, H) = dim W — dim H. 

Proof. By Vinberg [Vin86], for every q > 0, codim(W" ,T)(^g^ > q. Let w = {w',w") where 
w' e W and w" e (W",T)(^gy If dim ii^ = p, then p > q and dim(iis)ui' = p' — q for p' > p. 
Thus 

sup(p- codim((iy' X (iy",T)(,),ii)(p)) 

< sup(p' -q- codim((iy', ii.)(p'-q)) + q- codim(W^", T)(g) 

p'>q 

< sup(p' - codim(iy, iis)(p')) = 0. 
p'>o 
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Since q < p is arbitrary, we see from (3.0.1) that mod(lV, H) = dimW — dim if. □ 

4. Proof of the main theorem 

We return to the study of the G-module V = ©f=irj0j. Recall that V is 2-principal and it 
has the lifting property by Theorem 1.1. Thus, by Corollary 3.3, we only need to show that V 
is 2-modular. It is easy to see that V is 2-modular if and only if each r^gj is 2-modular, so we 
may reduce to the case that G is simple. The case G = PSL2 follows from [Sch95, Theorem 
11.9], so we only have to consider the case where the rank of G is at least two. Moreover, we 
need only consider the case of two copies of q since increasing the number of copies can only 
increase the modularity [Sch95, Proposition 11.5]. 

Let V & V \ V(o). Then dimG^, > and there is an injective homomorphism X : H ^ G^ 
where if is a copy of the multiplicative group C* or the additive group C"*". First consider the 
case where H = C*. Acting by an element of G, we may assume that ImA C T, where T 
denotes a maximal torus of G. Identify H with its image in T. There are only finitely many 
possible V". Let Nh denote Gg{H). Then mod(G' ■ V",G) is bounded by mod{V",NH). 

Now suppose that H = C'^. By the Jacobsen-Morozov theorem, A extends to an injective 
homomorphism, also called A, from SL2 or PSL2 to G. We identify H with its image in G and 
we let 5" denote A(SL2) or A(PSL2) as the case may be. Up to conjugation in G, there are only 
finitely many possible A. Let A'^^^ denote Gg{S) x T" where T" is the maximal torus of S. Then 
again we have the estimate that mod(G ■ , G) < modiV^ , Nh)- 

Since every point in \ V(o) lies in some , and since dim V/G = dimG, our discussion 
above gives the following. 

Lemma 4.1. Suppose that mod(V^^, N^) < dimG — 2 for all H of dimension one. Then V is 
2-modular. 

The next two propositions show that we always have mod{V^ , Nh) < dimG — 2, hence they 
complete our proof of Theorem 1.2. 

Proposition 4.2. Suppose that H = C* . Then mod{V^, Nh) < dimG - 2. 

Proof. As above, we may assume that H is contained in a maximal torus T of G. The action 
of Nh on is twice the adjoint representation of Nh. A maximal torus of Nh is T, and the 
connected center of Nh is a subtorus T' of T containing H. Then Nh/T' is semisimple, so its 
action on is a trivial representation plus the sum of twice the adjoint representation of each 
simple component Ki of Nh/T' . By induction on rank, 2ti is 2-modular if Ki has rank at least 
two. If ti ~ s/2, then 2ti is 1-modular. It then follows from Remark 3.1 that 

mod(l^^, Nh) = dimV" - dim Nh + dimT' = dimg^ + dimT'. 

Let ai,. . . ,ak be the positive roots of g which are nontrivial when restricted to T'. As T'- 
module, 

k 
i=l 

where m = dimg'^ and 6m. denotes the trivial module of dimension m. We need to show that 
dimg — 2 — (m + dimT') is nonnegative, i.e., that —2 — dim.T' + 2k > 0. Since the action of T' on 
g is effective, k > dimT'. Thus, if dimT' > 2, we obtain the desired estimate. The only problem 
is the case that T' = H has dimension one. Suppose that only one positive root a of G acts 
nontrivially on H. We may assume that a is simple. Then, since G has rank at least two, there 
is a simple root /3 (acting trivially on H) such that a + /3 is a root. Then a + (3 acts nontrivially 
on H and we have a contradiction. Hence k >2 and mod(\^^, A'^^) < dimG — 2. □ 
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Proposition 4.3. Suppose that H = C+. Then mod{V^ , Nh) < dim V/G - 2. 

Proof. Let if C 5 C G be as discussed above. As S-module, q = '^■niiRi wliere Ri denotes 
the space of binary forms of degree i and mj > is the multiplicity of Ri. The fixed points 
of H in each Ri have dimension one, so that has dimension 2^^mj. The Lie algebra of 
Nh has dimension mo + 1 and the action of CciS) on 2g^ is twice its adjoint representation. 
Let T' be the connected center of the identity component of Cg{S). Recall that T" is the 
maximal torus of 5". Now T' acts on rriiRi via a homomorphism to GL^,, hence T' acts almost 
effectively on ©j>imji?^. Since T' commutes with S, it acts trivially on s C m2-R2- However, 
T" acts nontrivially on . Thus T' x T" acts almost effectively on . Using induction on 
rank and Lemma 3.4, we get that mod{V^ , Nh) is dim\^^ — dimCG(>S') — 1. Now dimV^ is 
2(mo + ^j>i frii) and dim Cg{S) = niQ. We need that dim — mo — 1 < dim — 2. Hence we 
need 

2(mo + rrii) — mo — 1 < ^^(^ + 1)"^* ^ 2 ,i.e., < — 1 + ^^(^ — 

i>l i>0 i>l 

Since s ~ -R2 C 0, we have that m2 > 1, giving us the desired inequality. □ 
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